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Precision measurement of small separations between two atoms or molecules has been of interest
since the early days of science. Here, we discuss a scheme which yields spatial information on a
system of two identical atoms placed in a standing wave laser field. The information is extracted from
the collective resonance fluorescence spectrum, relying entirely on far-field imaging techniques. Both
the interatomic separation and the positions of the two particles can be measured with fractional-
wavelength precision over a wide range of distances from about λ/550 to λ/2.
PACS numbers: 42.50.Ct, 42.30.-d, 42.50.Fx
The measurement of small distances is a fundamental
problem since the early days of science. It has become
even more important due to recent interest in nanoscopic
and mesoscopic phenomena [1]. Starting from the inven-
tion of the optical microscope around 400 years ago, to-
day’s optical microscopy methodologies can basically be
divided into lens-based and lensless imaging. In general,
far-field imaging is lens-based and thus limited by cri-
teria such as the Rayleigh diffraction limit which states
that the achievable resolution in the focus plane is lim-
ited to half of the wavelength of illuminating light. Fur-
ther limitation arises from out-of-focus light, which af-
fects the resolution in the direction perpendicular to the
focal plane. Many methods have been suggested to break
these limits [2, 3, 4, 5, 6, 7, 8]. Lens-based techniques
include confocal, non-linear femtosecond or stimulated
emission depletion microscopy [3]. Also non-classical fea-
tures such as entanglement, quantum interferometry or
multi-photon processes can be used to enhance resolu-
tion [4, 5, 6]. A particularly promising development
is lensless near-field optics, which can achieve nanome-
ter spatial resolution [2]. Roughly speaking, the idea
is to have light interactions close enough to the object
to avoid diffraction. This, however, typically restricts
near-field optics to objects on a surface. In 1995, Betzig
proposed a method to reach sub-wavelength resolution
that is not limited to one spatial dimension by assuming
non-identical, individually addressable objects [7]. Sub-
sequently, this was realized in a landmark experiment of
Hettich et al. [8]. It combined near-field and far-field flu-
orescence spectroscopy techniques, using the fluorescence
spectrum to label different molecules inside an inhomoge-
neous external electrical field. They also noticed dipole-
dipole interactions between adjacent objects [9, 10, 11]
and used it to correct the measurement result. How-
ever, there is still great interest in achieving nanometer
distance measurements by using optical illuminating far-
field imaging only.
In this communication, we propose a scheme to mea-
sure the distance between two adjacent two-level systems
by driving them with a standing wave laser field and
measuring the far field resonance fluorescence spectrum,
which is motivated by the localization of single atom in-
side a standing wave field [12, 13]. In particular, we focus
on distances smaller than the Rayleigh limit λ/2. Our ba-
sic approach is that in a standing wave, the effective driv-
ing field strength depends on the position of the particles.
Thus, each particle generates a sharp sideband peak in
the spectrum, where the peak position directly relates to
the subwavelength position of the particle. As long as the
two sideband peaks can be distinguished from each other,
the position of each particle can be recovered. However,
when the interatomic distance decreases, the two parti-
cles can no longer be considered independent. Due to the
increasing dipole-dipole interaction between the two par-
ticles, the fluorescence spectrum becomes complicated.
We find, however, that the dipole-dipole interaction en-
ergy can directly be extracted from the fluorescence spec-
trum by adjusting the parameters of the driving field.
Since the dipole-dipole interaction energy is distance de-
pendent, it yields the desired distance information. We
provide detailed measurement procedures and our esti-
mates show that the scheme is applicable to inter-particle
distances in a very wide range from λ/2 to about λ/550.
Our model system consists of two identical two-level
atoms located at fixed points ri = (xi, yi, zi)
T (i = 1, 2)
in a resonant standing wave laser field (see Fig. 1). The
atomic transition frequency is ω0. The laser field has
frequency ωL, wavelength λ and wave vector k = kzˆ.
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FIG. 1: (Color online) Two atoms in a standing wave field
separated by a distance |rij | smaller than half of the wave-
length λ of the driving field. The distance of the two atoms
is measured via the emitted resonance fluorescence.
2We assume the two atoms to be arranged along zˆ. The
driving field Rabi frequency of atom i is Ωi, with Ωi =
Ω sin(k · zi). We denote the raising (lowering) operator
of the ith atom by S+i (S
−
i ). In the following, we assume
the transition dipole moments of the two atoms to be
parallel and aligned perpendicular to the zˆ direction. We
also assume resonant driving, ∆ = ωL − ω0 = 0.
If the two atoms are far apart (the distance between
atom i and j |zij | = |zi−zj| ≫ λ), then they are indepen-
dent, and the total Master equation is given by the sum of
the two single-particle Master equations [10]. If the two
atoms come close, they dipole-dipole interact, causing a
collective system dynamics. This gives rise to a complex
energy shift due to a virtual photon exchange between
the two atoms. The imaginary part of this shift corre-
sponds to an incoherent coupling, whereas the real part
shifts the energy of the collective states of the system.
The full collective Master equation is given by [9, 10]
∂ρ
∂t
=
1
i~
[H, ρ]−
2∑
i,j=1
γij
(
[S+i , S
−
j ρ]− [S
−
j , ρS
+
i ]
)
. (1)
The coherent evolution is governed by H = H0 +Hdd +
HL. The free energyH0 = (~/2)ω0
∑2
i=1(S
+
i S
−
i −S
−
i S
+
i )
of the two atoms and the interaction with the driving
laser field HL = (~/2)
∑2
i=1
(
ΩiS
+
i e
−iωLt +H.c.
)
are the
same as for two independent atoms. The coherent energy
shift of the collective states arises from the dipole-dipole
interaction Hdd = ~Ω12(S
+
1 S
−
2 + H.c.), which involves
couplings of both atoms. For the considered geometry,
the dipole-dipole interaction Ω12 is given by
Ω12 =
3
2
γ
{
−
cos(kzij)
(kzij)
+
sin(kzij)
(kzij)2
+
cos(kzij)
(kzij)3
}
. (2)
The incoherent evolution first entails the independent
spontaneous emission of the two atoms γii (i = 1, 2),
as found for uncoupled atoms. Terms with γij (i 6= j)
are the incoherent dipole-dipole couplings, where
γij =
3
2
γ
{
sin(kzij)
(kzij)
+
cos(kzij)
(kzij)2
−
sin(kzij)
(kzij)3
}
. (3)
For large distances, (kzij ≫ 1), we find Ω12 ≈ 0 and
γij ≈ γδij , where δij is the Kronecker Delta symbol.
Thus we recover the case of two independent atoms, as
expected. For small distances (kzij ≪ 1), one finds max-
imum incoherent cross-coupling, and Ω12 approaches the
static dipole-dipole interaction,
Ω12 ≈3γ/[2(kzij)
3] , γij ≈ γ . (4)
Our strategy is to identify the distance of the two atoms
via the emitted resonance fluorescence. We define Rˆ as
the unit vector in observation direction, and the obser-
vation angle θ as θ = arccos(Rˆ · r12/r12). The total
 0
 0.2
 0.4
 0.6
-40 -20  0  20  40
 0
 0.1
 0.2
-150 -75  0  75  150
 0
 0.1
 0.2
 0.3
-100 -50  0  50  100
10-5
10-4
10-3
10-2
10-1
-400 -200  0  200  400
PSfrag replacements
ω−ωL (units of γ)ω−ωL (units of γ)
S
(ω
)
S
(ω
)
S
(ω
)
S
(ω
)
(a) (b)
(c) (d)
FIG. 2: Sample spectra for ∆ = 0, θ = pi/2, z1 = 0.05λ. Fixed
distance z12 (solid lines) and harmonic oscillation around z12
(dashed lines). (a) Large separation case: z12 = 0.3λ,Ω =
100γ. (b) Intermediate separation, weak driving field: z12 =
0.08λ,Ω = 20γ (c) As (b), but strong driving field: z12 =
0.08λ,Ω = 200γ (d) Small separation: z12 = 0.03λ,Ω = 20γ.
two-atom steady state resonance fluorescence spectrum
S(ω) up to a geometrical factor is given by [10]
S(ω) = Re
∫
∞
0
dτei(ω−ωL)τ
2∑
i,j=1
〈S+i (0)S
−
j (τ)〉s e
ikRˆ·rij ,
where the subindex s denotes the steady state. In gen-
eral, this resonance fluorescence spectrum is rather com-
plicated [11]. The spectrum, however, simplifies consider-
ably in limiting cases, where either the driving field Rabi
frequency or the dipole-dipole interaction dominates the
dynamics. This will be exploited in the following, where
we present in detail a measurement procedure, which al-
lows us to extract the distance between the two atoms
and their positions relative to nodes of the standing wave
field, both with fractional-wavelength precision. The first
step in the measurement sequence is to apply a standing
wave laser field to the two atoms, which at an anti-node
of the standing wave corresponds to a Rabi frequency Ω
of a few γ. Depending on the relative separation of the
atoms, different spectra can be observed.
If the two atoms are well-separated (about λ/10 .
z12 . λ/2), then the dipole-dipole interaction is negligi-
ble. In this case spectra as shown in Fig. 2(a) are ob-
tained. The two sideband structures can be interpreted
as arising from the AC-Stark splitting due to Ω1 and
Ω2. Thus the sideband peak positions ν
p
1 and ν
p
2 can
directly be related to Ω1 and Ω2 and therefore to the
position of the two atoms relative to the standing wave
field nodes. Consequently, we can obtain the distance
z12. Within half a wavelength, however, in general two
interatomic distances are possible for measured values of
Ω1 and Ω2 (see Fig. 3(a,b)) [14]. An identification of
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FIG. 3: (Color online) (a,b) Obtaining the position of the
two atoms via a phase shift of the standing wave field. Solid
(dashed) lines show possible atom positions for given Ω1 (Ω2).
(a) Before, (b) after the phase shift. The only coinciding
potential positions in (a) and (b) give the true atomic posi-
tions. (c) Deviation δ¯ = σp − 2Ω12 of the doublet splitting
σp from 2Ω12 for the strong field, intermediate distance case.
z12 = 0.08λ, θ = pi/2, and ∆ = 0. The positions of the atoms
are z1 = 0.05λ (solid), 0.1λ (dashed), 0.15λ (dotted).
the actual atomic positions is possible by changing the
standing wave phase slightly, i.e., shifting the positions
of the (anti-) nodes. As shown in Fig. 3(a,b), a combina-
tion of the possible positions for two different standing
wave phases yields the actual separation. Note that this
complication is not present for nearby atoms, where the
non-vanishing dipole-dipole energy allows to determine
the distance directly. In Fig. 2(a), the distance of the
two particles is z12 = 0.3λ. From the spectrum accessi-
ble in experiments, the distance zexp12 = (0.300 ± 0.02)λ
is obtained, if we allow for a total measurement uncer-
tainty of about 10%. Thus the actual and the measured
distances match, and the 10% uncertainty of the distance
measurement corresponds to about λ/50.
If the distance between the two atoms is intermediate
(about λ/30 . z12 . λ/10), then the initial weak field
measurement in general yields a more complicated spec-
trum, see Fig. 2(b). The reason is that then the dipole-
dipole coupling and the driving field strength are compa-
rable, and the two atoms are not independent. In such
a case, a quantitative interpretation of the spectrum is
difficult. However, increasing the Rabi frequency Ω leads
to a spectrum as shown in Fig. 2(c). The spectrum con-
sists of a central peak, two inner sideband doublets, and
two outer sideband doublets, each symmetrically placed
around the driving field frequency ωL. The center po-
sitions of the inner and outer sideband doublets corre-
sponds to the Rabi frequencies Ω1 and Ω2. The sideband
structures are split into doublets due to the dipole-dipole
coupling of the two atoms. For large Ω, the splitting ap-
proaches twice the energy Ω12, as shown in Fig. 3(c).
Thus the strong-field sideband doublet splitting directly
yields Ω12 and then the distance of the two atoms, via
Eqs. (2).For example, in Fig. 2(c), the actual distance is
z12 = 0.08λ. From the spectrum, a measurement would
obtain Ω12 = (10.54 ± 1.05)γ, where again we have al-
lowed for an uncertainty of about 10%. From Eq. (2), this
yields a measured distance of z12 = (0.0801 ± 0.0027)λ,
in good agreement with the actual value. On the other
hand, comparing the center center positions of the in-
ner and outer sideband doublets with Ω, the positions
of the individual atoms relative to standing wave field
nodes can be obtained. For the setup in Fig. 2(c),
we have z1 = 0.05λ, Ω1 = 61.80γ, Ω2 = 145.79γ.
From the spectrum, using the above procedure, we ob-
tain Ω1 = (61.58 ± 6.16)γ, Ω2 = (146.22 ± 14.62)γ,
assuming a relative uncertainty of 10%. From z1 =
λ/2pi arcsin(Ω1/Ω), this would yield a measurement re-
sult of z1 = (0.050±0.005)λ, in good agreement with the
actual position of the atoms.
In the above two regimes, the situation slightly com-
plicates if both atoms are located near-symmetrically
around a node or an anti-node. In this case, Ω1 ≈ Ω2,
such that the two sideband peaks (or doublets) overlap.
One way to resolve this is to adequately change the stand-
ing wave field phase. By this, the symmetry can be lifted
to give Ω1 6= Ω2. Then the above procedure can be ap-
plied to yield the separation and positions.
If the two atoms are very close to each other (distance
. λ/30), then the spectrum is dominated by the dipole-
dipole interaction energy Ω12, which gives rise to side-
band structure at each side of the fluorescence spectrum
close to ωL ±Ω12, and only weakly depends on the driv-
ing field. A typical spectrum for this parameter range
is shown in Fig. 2(d). As long as Ω1, Ω2, γ ≪ Ω12
is satisfied, the sideband structures only have a small
residual dependence on the Rabi frequency. Thus, the
sideband peak position νp can directly be identified with
Ω12. Fig. 4(a) shows the deviation of the sideband peak
positions from Ω12 versus the atomic separation distance
for different Rabi frequencies Ω. Note that the effective
Rabi frequencies Ω1, Ω2 also depend on the position of
the first atom within the wavelength, with maximum val-
ues Ω1,Ω2 ≈ Ω close to the anti-nodes. It can be seen
that for weak Ω1,Ω2, the experimentally accessible side-
band peak position and Ω12 coincide very well. With
increasing Rabi frequency, the deviation increases, un-
til the driving field induces a splitting of the sideband
peaks, indicated by the branching point in Fig. 4(a). If
the initial spectrum of the first measurement has insuffi-
cient signal-to-noise ratio, then the fluorescence intensity
can be enhanced by increasing the driving field intensity.
Note that due to the dependence of Ω1, Ω2 on the position
of the two atoms, different positions of the two atoms may
require different laser field intensities. It is also possible
to extrapolate the result of several measurements to the
driving field-free limit to increase the measurement accu-
racy. Via Eqs. (2) or (4), the measured Ω12 can easily be
used to obtain the interatomic separation. The separa-
tion is measured with increasing accuracy in the region of
large slope of Ω12 vs z12. For maximum accuracy, Eq. (2)
should be numerically solved for the separation. Here, we
discuss the small separation limit Eq. (4), and allow for
a small uncertainty in Ω12 (Ω12 → Ω12 + δΩ12). We
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FIG. 4: Deviation δ = νp − Ω12 of the peak position νp from
Ω12 for closely-spaced atoms. ∆ = 0, θ = pi/2, and (a)
Against the atomic separation. z1 = 0.05λ, Ω = 3γ (solid),
20γ (dashed), 80γ (dotted). (b) Against the driving field Rabi
frequency. z12 = 0.02λ, z1 = 0.05λ (solid), 0.125λ (dashed),
0.2λ (dotted). Branches indicate splittings into two peaks.
obtain zij = [3γ/(2k
3Ω12)]
1/3 · [1 − δΩ12/(3Ω12)] as the
distance zij between the two atoms. Thus, the relative
uncertainty of the final result is about 1/3 of the relative
uncertainty of the measured Ω12. Consider, for exam-
ple, the case shown in Fig. 2(d). The actual distance
is z12 = 0.03λ. The measured dipole-dipole energy is
Ω12 = (220.5± 22)γ, again with a relative measurement
uncertainty of about 10%. From Eq. (2), the distance
then evaluates to z12 = (0.030 ± 0.001)λ. Thus in this
case, the uncertainty of the distance measurement would
be about λ/1000, i.e., less than 4% of the actual distance.
Once the distance z12 is known, the positions of the two
atoms relative to nodes of the standing wave field can be
obtained. For this, we note from Fig. 4(b) that—for oth-
erwise fixed parameters—the position of the branching
point depends on the Rabi frequencies Ω1, and thus on
the position z1. If in the experiment we increase Ω up to
the branching point, then the position of the atom pair
relative to the field nodes can be deduced. Accurate ana-
lytic expressions for the position of the branching point,
however, are involved, as the general expression of the
fluorescence spectrum is complicated [11]. Thus a nu-
merical fit as shown in Fig. 4(b) should be used to eval-
uate z1. Finally, since for small distances the spectrum
is almost independent to the driving field, the distance
information can also be obtained using a travelling-wave
field, which may be more convenient in practice.
The precise positioning of the atoms is limited by ther-
mal or quantum position uncertainties [15]. We have
simulated this effect by assuming a motional ground
state harmonic oscillation with amplitude δz12 = 0.005λ
(corresponding to a Lamb-Dicke parameter η ≈ 0.016)
around the mean distance z12. Results averaged over
this motion are shown with dashed lines in Fig. 2. For
δz12 ≪ z12, the motion is negligible. With increasing
ratio δz12/z12, the spectral peaks split up. In Fig. 2(d),
two peaks emerge at the classical turning points of the
distance oscillation. From these, the mean distance can
again be obtained. The possible separation measurement
range is limited, as the dipole-dipole coupling Ω12 in-
creases with decreasing separation as z−312 . For our model
to remain valid, however, Ω12 ≪ ω0 should be fulfilled.
From Eq. (4), for γ ∼ 107 Hz, Ω12 ≤ 10
13 Hz, we es-
timate z12 ≥ λ/550 as the theoretical resolution limit.
This limitation only applies to the distance of the two
atoms itself; the distance uncertainty in principle can be
well below λ/550. Note that these considerations neglect
experimental uncertainties, and are subject to imperfec-
tions e.g. in the measurement of laser field parameters
or the alignment of dipole moments or laser fields.
In summary, we have discussed a microscopy scheme
entirely based on optical far-field techniques. It allows
to measure the separation between and the position of
two nearby atoms in a standing wave laser field with
fractional-wavelength precision over the full range of dis-
tances from about λ/550 up to the Rayleigh limit λ/2.
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